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» Each iteration of the while loop takes c time
for some constant ¢

* In the k-th iteration of the while loop, the
value of i is i = 3¥71

* The while loop terminates when i > n,
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* Thus, the while loop runs logz n + 1
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loop is #iterations x c. The time complexity
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def selection_sort(A):
n =len(A)
ifn<=1: use to Sg/(/o;fe Swm«é/unﬁwfe‘
return

LT ().
for barrier_id in range(n-1):  "“n+(7-0F(1 -2 + .-+

# find index of min in Afstart;] = &(»*)

min_id = find_minimum(A, start=barrier_id)
#swap

Albarrier_id], Almin_id] = (

Ja - /)fcrcé
A[min_id], A[barrier_id]
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def find_minimum(A, start):
””Finds index of minimum from [start, len(A)). Assumes non-empty.””
n = len(A)
min_value = A[start]
min_id = start
foriin range(start + 1, n):
if A[i] < min_value:
min_value = A[i]
min_id =i
return min_id
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lé l{ MergeSort (A L, 1)
1—1 7 if 1 27) return;
/| / ( raid: S|lELTI2], récursife Hivike
,jb 4 A LeftA = MergeSort ( A, I, mid ); 2
\\J A bl/ RightA = MergeSort ( A, mid+1, r );
1 7 B = Merge (LeftA, RightA); —> recursive (omline/corgquer
\\) [/ return B;
! ] » MergeSort (4, %, 7) sorts the subarray A[¢,1 ]

» Input: an array A of length n
» Output: a new sorted array
» Call: MergeSort(4,0,n — 1)
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ide + +;
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idy, + +;
}

return outA;

T'ﬂl ¢ &Mt/p/Pxifg_ :

@ Wo/_Sf, Lase Zimme WM/’/L‘X/‘{/ 74/f /Vl/rs,g (b’_’ <),

TMF’/y‘ = H ( nb vl ﬂc) W/V/'g /'5“ e I‘f

2

Sooe
@ Morge Sore . Feor,  Mege
A

T(1)=T(3) 17(%) #en = 27(%)rer

7\
70 M A PaLL re /h tioa
o 7[ /M{’/‘?g g,,c

WHea

/fﬂ7%

4// z/cmm% o 7[

.77/: 5/ <.

£ <c)‘



T(ﬂ); 2-//(";7_’) + n

= 2 (3T(F)1¢%) ren = 4T(F) 22

GUT(FO+ CG)+ 2en = 8T (5) F3e

~ e

- )—" T(E,)T) t+ ken

<
—_—

TOrmina s WA/fI 2 L =

le = /0\72_”~

/J./’ —
So. | 1001227 Tl s ¢ 9 ugin

= n Bl tCnlog,n

1

B(n) + G(2109-)

= @ [n(ayn)
L Ay g S
/l[af@ Lom erge Sor T oz Iz -/;/&ca .
/'ms a/::imt-/ as jﬂy’ﬁau’c L/ me W/ﬂé’kir_g__ r/ya/ //r!:
TLI/(’( ~ way /]/\ﬁ/ﬁa gof z
P N — A S T 1870 F ——
ﬂivitge In€o 54/&4 ﬁr/q\ys 4-\5 —cKﬂr\ M47q er .
R{fc Urreace re/m;,}m :
A
T(n)= 37(3) +¢cn.
Quick  Selece
e
Ofﬁﬂr Stadtlstics /<6A 0/4,4/ Statisties K3
[ﬂ/ /'67’7/< A) N
exr) Ise arlpr SELTSEBC min
hﬁ/) max
-;:'_- - té I me 4/'00
WAL 24 Top- th percen vile L

he

ﬁéﬂpe -

kth

Smdllese

Al m é!r



Z nput, 4 vén 7 Num 5 eérs P an
Oue,om: r o Ktyin +he /< - arl((/
APF/V&:LA @ : Moéff\/ !f/‘éﬁa/l Sor T

def selection_kthOS(A, k):

n =len(A)

if n<k:
return Error

for barrier_id in range(k): $£2P5
# find index of min in A[start:]
min_id = find_minimum(A, start=barrier_id)
#swap
Albarrier_id], A[min_id] = (

A[min_id], A[barrier_id]

for

)
return Alk-1]
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» Partition (4, s, t) 7
Input: - > p
Given an array A and consider sub-array A[s, ... t — 1] — L 4}
A[t — 1] will be used as the pivot p = A[t — 1] I
Output: Choice of pivet a{{&'c > P v”}] L7
. Ml | b -
Rearrange elements in A where p is now in A[m] such that I 14"
all elements < p are to its left rétuvn ~ o
all elements > p are to its right
Return the new position m of the pivot p
2 62:41'4/4 select JERT 0N
m= pgrtition [ A o Vi
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case | : k= m+1 A \
:
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QuickSelect (A, s, 1, k)

/* select the order k element in A from subarray Afs,..t-1]

*/
> iF{st or k 2 +-er-s 2 t) return None; N4< Faw%
" m = Partition (A, s, t);
pivot_order = m+1 ;
if ( pivot_order = k) return A[m];
if ( pivot_order > k )
return QuickSelect (A, s, m, k );
~ else return QuickSelect (A, m+l, t, Kk );
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Rand-Partition(A, s, t)

/¥ Partition the subarray Als, ...t — 1| using a random pivot.
/* L index for mid_barrier index; and r: index for end_barrier.
1 pivot.id = random(s, t); choose

2 p = Alpivot_id]; /7,'/0,; wizh féméUM
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a4l =s; N brr i~ A

5 forr=stot—2do

6 if Alr] <p then

7 exchange A[f] with A[r];

8 £+ +;

9 end

10 end

11 exchange A[f] with At — 1];
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Tree-search ( x, k)
if x =Nil or k£ = x key
then return x
if k < x key

then return Tree-search( x.left, k)

else return Tree-search( x.right, k

)
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» procedure AugmentSize( treenode x)

If (x # NIL ) then T
Lsize = AugmentSize( x . le ft ); L
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Return( x . size); Tim
end =
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def full_bfs(graph):

status = {node: 'undiscovered' for node in graph.nodes}
for node in graph.nodes:
if status[node] == 'undiscovered'
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bfs(graph, node, status) & <his i/ 4 Coms P ONEIES.

def bfs(graph, source, status=None):
wehstart a BFS at “source ."™
if status is None:
status = {node: 'undiscovered' for node in graph.nodes} g( VZ).
status[source] = 'pending'
pending = deque([sourcel)

# while there are still pending nodes /
while pending: & 6[/E[f) “Cloach él{fé ~ill F*/j/ﬂ/'ﬂA opnce 7[0/ 4 reced 9"4/7/7
u = pending.popleft() .
for v in graph.neighbors(u): Twice -‘[::r
# explore edge (u,v)
if status[v] == 'undiscovered':
status[v] = 'pending’
# append to right

Un Byt el g raph.

pending.append(v)
status[u] = 'visited'
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def bfs_shortest_paths(graph, source): | —
""”Start a BFS at “source’.””” 5""“' 60"”}’/6)"7{7 &s Brs
status = {node: 'undiscovered' for node in graph.nodes}
distance = {node: float('inf') for node in graph.nodes} GCrv/ {’/E//
predecessor = {node: None for node in graph.nodes} h
— T : 5 we tan | w5
SFatus[source] = 'pending 441'5 Co Slrovlr 54a/w;t /’&-tﬁ
distance[source] = o
pending = deque([source])
# while there are still pending nodes
while pending:
u = pending.popleft()
for v in graph.neighbors(u):
# explore edge (u,v)
if status[v] == 'undiscovered':
status[v] = 'pending'
distance[v] = distance[u] + 1 a/
predecessor[v] = u uis see Te pse Ecess|o - 01[ v
# append to right ) . . <t
pending.append(v) it voB discovesl wpile visideg U
status[u] = 'visited'
return predecessor, distance
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def dfs(graph,(::) status=None):
"""start a DFS at “u ."""
# initialize status if it was not passed

if status is None:
status = {node: 'undiscovered' for node in graph.nodes}

&

status[u] = 'pending’
for v in graph.neighbors(u): # explore edge (u, v)

if status[v] == 'undiscovered':

dfs(graph, v, status)
status[u] = 'visited'

full_dfs(graph):
status = {node: 'undiscovered' for node in graph.nodes}

for node in graph.nodes:

def

if status[node] == 'undiscovered'
dfs(graph, node, status) & # ‘,F Lo Lo MPOIENT Liis
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def bellman_ford(graph, weights, source): to  Jubcantle correct
"""Assume graph is directed.””” 7[” 4
est = {node: float('inf') for node in graph.nodes} (V) any - grapis.
est[source] = o 7
predecessor = {node: None for node in graph.nodes}
for i in range(len(graph.nodes) - 1): \_< =~ /., _
for (u, v) in graph.edges: ) 7€ [(/ ()
update(u, v, weights, est, predecessor)
return est, predecessor
» Setup takes o) time
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Naive implementation of Dijkstra

1 def dijkstra(graph, weights, source):

2 est = {node: float('inf') for node in graph.nodes}

3 est[source] = o )’7 ﬁ(Uj

4 pred = {node: None for node in graph.nodes}

6 outside = set(graph.nodes) o /!vffz :

. Lo P

s while outside: — V iterativa 2
9 # find smallest with linear search 5[ ) . [ )
10 u = min(outside, key=est) {(V) R V)t [? (U) X V - 9 v .
11 outside.remove(u)

12 for v in graph.neighbors(u): O[U)

13 update(u, v, weights, est, pred) 6pzv/h1f¢k

14

15 return est, pred 1]

v
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def dijkstra(graph, weights, source):
est = {node: float('inf') for node in graph.nodes}
est[source] = o
pred = {node: None for node in graph.nodes}

priority_queue = PriorityQueue(est) 9[")
while priority_queue:
[u = priority_queue.extract_min() <& &denl cost: 9(’//"—@'/)
for v in graph.neighbors(u):
changed = update(u, v, weights, est, pred)
if changed: 1
priority_queue.change_priority(v, est[v])||& 2 4{7[") =P(E).

f&f"\/ cI5€t Q[E/oj U)_

return est, pred
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def prim(graph, weight):
tree = UndirectedGraph()

estimated_predecessor = {node: None for node in graph.nodes}
cost = {node: float('inf') for node in graph.nods;}
priority_queue = PriorityQueue(cost) -> s'2¢ =

while priority_queue: —> \/ jrecations
u = priority_queue.extract_min() —> V["él/
if estimated_predecessor[u] is not None:
tree.add_edge(estimated_predecessor[u], u) —
for v in graph.neighbors(u): —=> aé4(Vi) , tovorl : ZVJé v
if weight(u, v) < cost[v] and v not in tree.nodes:

4%3(‘(3) = 2 E

priority_queue.decrease_priority(v, weight(u, v)) — E oo U/
- log

cost[v] = weight(u, v)
estimated_predecessor[v] = u
return tree

l«m/;/(’x;'ff,- 9[ ([/7’ E) /U ‘/].
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¢ a (') ¢ favecse AC/((’/ mona 7[l{’7¢t"ﬂ4 :
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a(n) = O(lg").
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* check ff U b vV am Lonnteteh i_same_ e, V),
Kruskal’s Algorithm
def kruskal(graph, weights):
mst = UndirectedGraph()
# place each node in its own disjoint set
components = DisjointSetForest(graph.nodes)
# sort edges in ascending order by weight
sorted_edges = sorted(graph.edges, key=weights) <& E = -(ZC‘/)
for (u, v) in sorted_edges: 9[ E vq E) = 9[ 6(0\7 l/')‘

if not components.in_same_set(u, v):
mst.add_edge(u, v)
components.union(u, v)

# (optional) if mst is now a spanning tree, break
if len(mst.edges) == len(graph.nodes) - 1:

break

return mst
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